In this paper we revisit the problem of choosing an optimally trimmed mean. This problem was originally addressed by Jaeckel (1971). We propose alternatives to Jaeckel's estimator and its modifications discussed in Andrews et al. (1972). Jaeckel's procedure chooses the optimal trimming by minimizing an estimate of the asymptotic variance of the trimmed mean. We use the bootstrap procedure to choose the optimal trimming. A simulation study shows that our procedure compares favorably with Jaeckel's procedure. We also discuss modification of our procedure to the two sample setting.
INTRODUCTION
A common problem in nonparametric estimation is as follows. To estimate a characteristic (), the statistician must choose an estimate from a class of reasonable estimates {O(a) : a E A} indexed by a parameter a. The parameter a, of course, is selected according to some optimality criterion. If the estimates are unbiased or nearly unbiased, it is reasonable to use that estimate which minimizes the variance. However, the variance of the estimate O(a) generally depends on unknown characteristics of the population and is 1 unknown to the statistician. Thus the optimal parameter a* is unknown. To overcome this difficulty, the statistician can estimate the unknown variances of the estimates and select a parameter value, say &, which minimizes this estimate of the variance. The resulting estimate of () is then 0(&).
Here are two examples of this type of problem. Example 1: Estimating the center of symmetry. Let F be a distribution function which is symmetric about zero. Let (Xl' ... ' X n ) be a random sample from the distribution function G = F(· -0). A class of estimates of (), the center of symmetry of G, is the class of trimmed means. The parameter a is the amount of trimming. Thus one is looking for the trimmed mean with smallest possible variance.
Example 2: Estimating the difference of location in a two sample problem.
Consider two independent random samples (Xl' ... ' X m ) and (Yi, ... ,Y n ) drawn from distribution functions F and F(· -(}), respectively. Here we want to estimate the difference in location O. One possible class of estimates is the difference of the a-trimmed means of the two samples. Another class of estimates are the trimmed means based on the pairwise differences {(Yj -Xi) :
i == 1, ... ,m, j = 1, ... , n }. For both classes the parameter a is the trimming portion.
The first example has been studied by Jaeckel (1971) . Jaeckel recommends to estimate the asymptotic variance of the trimmed means and use the trimmed mean which corresponds to the trimming which minimizes the estimate of the asymptotic variance. He proposes an estimate of the asymptotic variance of the trimmed means and verifies that the resulting randomly trimmed mean has the same asymptotic distribution as the trimmed mean smallest asymptotic variance. Modification of his method are discussed in the monograph by Andrews et al. (1972) . This monograph reports also the results of extensive simulations.
Jaeckel's estimate of the asymptotic variance is a sample analogue of the expression of the asymptotic variance of a trimmed mean for symmetric error distributions. In other problems, however, explicit expressions for the (asymptotic) variances may not be available, and (or) it will be difficult to obtain an estimate of the variance. An approach which avoids these difficulties is as follows. Estimate the variances using the bootstrap method and then select the trimming portion which minimizes the bootstrap variance estimator. This method does not require an explicit expression for the variances and works in other situations as well. For this reason the bootstrap approach has become a major source in adaptive statistical procedures.
In this paper we shall study in the context of the above two examples the performance of randomly trimmed means whose amount of trimming is chosen to minimize a bootstrap estimator of the variances of the trimmed means. In connection with example 1, we shall treat various versions of this method and compare them with Jaeckel's estimate and its modifications presented in Andrews et al. (1972) . In connection with example 2, we shall compare the randomly trimmed means for the two cases where in both cases the amount of trimming is chosen by the bootstrap method.
Our paper is organized as follows. In section 2 we describe our proposed estimates in the one sample case (see Example 1) and contrast it to Jaeckel's estimate. We report the numerical results of a simulation study and compare them with those reported in Andrews et al. (1972) . In Section 3 we discuss possible generalizations of our method to the two sample case (see Example 2). We discuss three classes of estimates. The first two classes of estimates consist of the differences of the trimmed means from the two samples and the third class of the trimmed means of the pairwise differences. Again we use the bootstrap method to select the amount of trimming. We then report the results of a simulation and compare the two resulting types of estimates.
THE ONE SAMPLE CASE
We only consider the problem of estimating the center of symmetry. We shall consider four different estimates all of which are versions of randomly trimmed means. The amount of trimming is chosen to minimize the bootstrap variance.
Let X = (Xl, ... , X n ) denote a random sample from a distribution function F which is symmetric about zero. Let X(l)' ... ,X(n) denote the order statistics. The a-trimmed mean based on the sample X is defined by
where 0: E A = {* :i = 0, ... , [n;l]} represents the amount of trimming.
We are looking for the trimmed mean with smallest possible variance. Note that this question makes sense even when the symmetry assumption is dropped. If the symmetry assumption is violated the trimmed mean will estimate some quantity depending on the amount of left and right trimming. In this case we actually select the quantity we are estimating as well. To select the "best" a in A, Jaeckel (1971) proposed to use that trimmed mean whose asymptotic varia.nce is minimum. He estimates the asymptotic varIance
where e= Fol(a) and el-a = F O -l (1 -a), by its sample analogue
where In our opinion the asymptotic variance may not be a true representative of the actual variance of a trimmed mean, especially in small samples. Moreover, Jaeckel's estimator of the asymptotic variance of the trimmed mean may be poor for values of a close to 1/2. For this reason, Jaeckel recommends to confine a to the interval [0, 0.25]. To avoid these difficulties we use the bootstrap procedure to estimate the variances of the trimmed means. Let us now describe our four estimates.
Estimate 1: We draw N independent samples
Each sample is taken with replacement.
For each a E A, we compute the trimmed means Ta,i = To(Y i) based on the bootstrap samples Y i, and calculate their sample variances
where TOt -iv E~l Ta,i is their sample average. Then we find Q. which minimizes the sample variance, i.e., a. satisfies
The estimate is Ta.
(X).
The above estimate makes use of the symmetry assumption only in choosing a (symmetric) trimmed mean. To make additional use of the symmetry assumption we will augment the sample by (28 -Xl, ... , 28 -X n ) and then calculate the above estimate based on the augmented sample X s = {Xl' ... ' X n , 28 -Xl' ... ' 28 -X n ). Here S denotes an estimate of 0, the center of symmetry. Choices of S are discussed below. Recall n denotes the sample size and N the size of the bootstrap samples. In the table below we report the sample variance of our estimates based on 5000 iterations multiplied by n = 20. We have carried out our simulations for five symmetric distributions. These distributions are the standard normal distribution, the Cauchy distribution, the double-exponential distribution, the logistic distribution, and a bimodal distribution with density 1 (
Where available we have also reported the results of Andrews et al (1972) . Remarks: The values given in the table are the variances multiplied by n. The numbers in the last row are the variances corresponding to the "best" trimmed mean for the distribution. These values are based on 10,000 samples.
It can be seen that the smallest variances are observed for estimate 2. But in this case an unfair use of the knowledge of location parameter is used in augmenting the sample.
The ordinary bootstrap and the double bootstrap have better performances than the Jaeckel's estimator in most of the cases. In case of double exponential distribution only the double bootstrap has better performance than Jaeckel's estimate. Use of sample median to argument the sample helps in the case of Cauchy and double exponential distributions. OUf variance calculation, based on 10,000 repetitions shows that in these two distributions the minimum variances are actually seen near the median for samples of size 20. This is also an expected result.
In conclusion, it is observed that the bootstrap method gives very satisfactory results for a variety of distributions. The simulation results are given only for the symmetric distributions. However, the same ideas apply to the case of nonsymmetric distributions as welL In the later it would be desirable to obtain the optimum trimming from the left and right end independently, by the bootstrap procedure. 6 3. THE TWO SAMPLE CASE Let X = (Xl, ... , X m ) and Y = (}l, ... , Y n ) denote two independent random samples from distribution functions F and G, respectively. For simplicity we assume that m = n. Suppose that G = F(· -0) for some 0 E R.
We consider three classes of estimates of 0, the differences of the trimmed means from the two samples with equal trimming portions the differences of trimmed means from the samples and the trimmed means
Ta(Z)
based on the n 2 pairwise differences Z = Z(X, Y) = {lj -Xi : i = 1, ... ,n, j = 1, ... , n} of the observations from the two samples. For all three estimates we select the trimming using the bootstrap. In all cases we draw N independent samples
where X i = (Xi,l' ... ' Xi,n) and Y i = (}Ii,l, ... , }Ii,n) are independent samples from X and Y, respectively. In the first case, we compute for each a: E Al = {* :i = O, ... ,[n;l]} the estimates~Q',i =~a(Xi,Yi) and calculate the sample variance OUf estimator is then AQ'l (X, Y) where al is chosen to minimize the sample variance. In the second case we find the minimum variance X trimmed mean and similarly the minimum variance Y trimmed mean, based on 200 bootstrap samples, and estimate () by the difference of these two trimmed means. This estimate is only appropriate if the underlying error distribution is symmetric about some value. If the error distribution is not symmetric this estimate may be heavily biased. In the third case, we form the samples Our estimator is then T Ot3 (Z) where Q'3 is chosen to minimize the sample variance. These estimators are called Estimate 1, Estimate 2, and Estimate 3, respectively. We have performed a simulation study to see how these estimators perform. The results are summarized in Table 2 . 
